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A MEMOIR UPON FORMAL INVARIANCY WITH REGARD TO 

BINARY MODULAR TRANSFORMATIONS. INVARIANTS 

OF RELATIVITY* 

BT 

OLIVER EDMUNDS GLENN 

A readable summary of existing formal concomitant theory can be given, 
perhaps, by referring to the scope and general trend of my former papers in 
this field. t The first of these gave the results of an attempt to correlate the 
modular and the algebraic invariant principles by emphasizing the process of 
transvection between a given form and the universal covariants of the modular 
group of binary transformations G(p2-p)(pi-i) . The chief diflBculty encountered 
was the apparent one that this process is not alone definitive for the con- 
struction of complete systems. It is also not the simplest algorism for the 
generation of modular concomitants. A second paper was an improvement 
from the latter point of view in that polar and transvectant operations char- 
acteristic of the modular theory were developed, but lack of definitiveness 
remained and yet remains, as each complete system which I have developed 
contains forms which were constructed by purely empirical methods. In 
subsequent papers I emphasized what seems to me at present to be the most 
favorable method upon which to ground a general theory by which it results 
that a modular covariant is a member of a finite scale of derived modular 
concomitants constructed by processes theoretically analogous to the important 
algebraical method of successive convolution. 

• Presented to the Society, April 26, 1919, and December 30, 1919. 

t References to other papers on this and related subjects, particularly to memoirs by 
Dickson, are to be found in my article in these Transactions, vol. 20 (1919), and a 
list of textual references for the present paper is given below. In connection with Section 8 
compare my paper in the 1918 volume of the Proceedings of the National 
Academy of Sciences. 

I. Dickson, these Transactions, voL 12 (1911), p. 75; vol. 14 (1913), p. 299; 
vol. 15 (1914), p. 497. American Journal of Mathematics, vol. 31 
(1909), p. 337. 
II. Dickson, The Madison Colloquium Lectures (1913). 

III. Einstein, Annalen der Physik, vol. 17 (1906). 

IV. Glenn, these Transactions, vol. 20 (1919), p. 154. 
V. Tolman, The Theory of Relaiivily of Motion (1917). 
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Fundamental likenesses between the algebraic and the modular theories 
are not lacking, but it seems to the writer that a theory to comprehend both 
effectually would not be constructed upon the principles of the algebraic sym- 
bolism but rather upon the methods such as characterize general analysis.* 
The present author thinks, however, that invariant theory has not yet been 
developed to a sufficient extent to make this synthesis feasible. 

The first section of this memoir contains an introduction to a theory of 
modular covariants appertaining to domains of rationality. The second deals 
with systems of universal covariants of certain particular modular groups. 
The third, fourth and fifth are given over to the theory of seminvariants with 
application to complete systems for forms of orders 1,2,4, moduli 2 and 3 . 
The remainder of the paper deals with complete systems of covariants, with 
regard to these particular moduli, for the general binary quantic of order four, 
excepting the last section which treats certain invariant problems in the 
theory of relativity of motion. 

1. Formal covariants belonging to domains 

Suppose that the coefficients of the transformation on n variables 

T -.Xi = \iX'i + inx'i + • • • -\- ffix'n ( i = 1 , • • • , n ) , 

are residues modulo p , a prime number, or any other quantities such that the 
transformation is of a finite period ju, and let the coefficients of the n-ary 
quantic of order m 

(1) / = (amO—O, Om-l lO-.-O, ■ • -^Xi, • • • , .T„)™, 

be numbers which appertain to any specific domain of rationality R . Then 
if r be applied y. times in succession to /, there is produced a closed cycle of 
forms f,fi, • • • , /„_i belonging to the domain R^ obtainable by adjunction 
of the fundamental quantities of the domain of the coefficients of r to the 
domain R . The product 

is an absolute covariant of r appertaining either to R^ or to a domain included 
in R^ . The same statement is true of any symmetric function of the general 
type 

y(«) _ y,, fan fan . . . f'-u.-i 

these being, of course, all rationally expressible in terms of the complete 
system consisting of the ju elementary symmetric functions, 

* E. H. Moore, An Inlroduclion to a Form of General Analysis, The New Hacen Malhemalical 
Colloquium (1910). 
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If Rr is such that one can postulate a theory of conjugacy so each form 2+i 
in the domain will have corresponding to it a conjugate form 2_i in the domain, 
then 

(2) P.i = S+i ± 2_i 

is a covariant of r appertaining, certainly, to a lower domain included in R^ . 
The problem of the complete system of forms P rests upon Hilbert's Lemma, 
since the forms P are constructed according to a law by which one can locate 
an arbitrarily chosen form S within or without the system of forms P . Thus 
there exists a finite set P+i , P^'i , • • • ; Pli , Pl'i , • • • such that any other 
form P may be written 

p = q;i p;i + • • • + Qi. p'-i + Q'li pi'i + • • • , 

and the Q's, being symmetric, are forms S . The conclusion follows from (2) 
and repetitions of the course of reasoning. 

Consider the problem when the coefficients of t are residues. 

A binary system in the GF {]f) . If t is binary (ti = 2) it has two poles, 
found from 

xi = Xi a-i + Ml Xi 



, , I (modp), 

Xi = As a-i + M2 a;2 J 

and therefore roots of the quadratic congruence 

X2P^ + (m2 — Xi)p - Ml = (modp). 

Thus the two poles are, generally, conjugate marks of the GF (p^) , as 

P±i = rx zh s (mod p) , 

where r , s are integral and a; is a galoisian imaginary. The linear forms 

C3) /*i = xi — p^iX2, 

are, accordingly, relative covariants of t, universal for all transformations t 
for which m2 — Xi is congruent to a fixed residue, and appertaining to the 
domain R of p+i , p_i , in general the GF [ p^] . 
Let us now expand the arbitrary binary form 

/ = (ao, oi, ••• , a,„lxi, Xi)"" 

in terms of /+i, /_i as arguments, employing the substitutions inverse to (3), 

3-1 = ( - P-1/+1 + p+i/-i)/(p+i - p_i), 

a-2 = (-/+1 +/-l)/(p+l - p_l). 

The result is of the form 

(4) / = (kmfix + <Am-2/+7'/-i + • • • + 4>^mf"-i ( mod p) . 

Trans. Am. Math. Soc. 19 
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Again if we expand /' , the transformed of / by t , in terms of the arguments 

/' ' ' 

il — 3!) — p^x Xz , 

we get 

(5) /' = 0m/+" + 0m-j/+V /ll + • • • + ^'-mfZ ( Hiod p) . 

But f ^ f from the equations of t , and 

/li = 5i,/ii (mod p), 
where 6±i are definite marks. Hence 

m 

/ ^ Z 0;-2. KT* diJ^'fU (mod p) , 

t=0 

an expansion which must be formally identical with (4) since (4) is unique. 
Hence the forms 4>m~-ii, which are linear in ao, • • • , a„ and which belong to 
the GF {f^) are invariants of t which appertain to the domain R determined 
by/ii and S^i. The invariant relations are 

4>'m-2i = 5+r+*Si; 0^2i (mod p) (i = 0, ••-,?«). 

Theorem. The finite set <^m-2i (i = 0, •••, m), f+i, /_i, constitutes a 
complete system of modular concomitants of the form f , in the domain R , under 
the transformation r . 

2. Certain universal covariant systems 
To determine a complete set of universal covariants of the ternary group 
G:x = x', y = y' , 2 = a;' + 2/' + 2' (mod p), 
we assume a covariant in the general form 



" / . Jm—i 2 , 

where 

f„^i = ao X"'-' + ai x""-'-! y + ■■■ +a^ j/"-' . 

When this is transformed into F' by G we must have F' = F (mod p) . But 
F' = 'Ef^ii-x-y + zY^Fimodp), 

i=0 

and as the separate powers of z must accordingly have vanishing coefficients 

m 

Z/m- i(a; + 2/)'(- 1)' = (modp). 

»=0 

This is equivalent to the statement that F is annuled by being made simul- 
taneous with X + y + z = 0. Hence 
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F ^ ix + y + z)Fi {mod p). 
By the theory of § 1, therefore, F is necessarily a power of the co variant 

,p = z[z + X + y][z + 2 {x + y)] - • • [z + {p - 1) (x + y)] 

^ z^ — z{x + t/)p-i (mod p) . 

There is a single exception to this theory, viz. when F does not contain z and 
hence is a binary form in the covariants x, y . Hence, 

Theorem. A complete system of universal covariants of G is composed of 
X, y.ip- 

A similar method will give the system for the group Gi : x ^ x' + y' , 
y = y' (mod p) , previously derived,* although by a different method, by 
Dickson. That is, a covariant of G'l may be assumed in the form 

m 

F = Y^ aiX^-^y\ 
Hence 

F' = Y,aiix- 2/)'"-'2/' = F(mod2>), 

i=0 

and as the coefficients of separate powers of x must vanish identically 

m 

2 a.- ( - 1 )"■-• y"^-' 2/< = ( mod p) . 

i=0 

Hence F is annuled when made simultaneous with x + y = and so 

F ^ {x + y)Fi (mod p). 
Thus a complete system for Gi consists of y and 



(6) }pi = x{x + y){x + 2y) • • • (x + p - ly) = x'^ — xy^-^ (mod p) . 

Consider the universal covariants of the simultaneous binary modular 
groups 

Gi : xi = x\ + x'i, 0-2 = Xi) ©2 : 2/1 = 2/1 + 2/2 , yi = y'l- 

These evidently consist of 

Xi, yi, yj/i = x\ - Xi .-rr' , h ^ y^i - yi 2/r' , 

and other covariants which are properly simultaneous. To determine the 
latter we note that such a form is necessarily a homogeneous doubly binary 
form in the sets x\, Xi;yi, yi, and, employing Gordan's series, we may write 
this quantic as follows : 

♦Bulletin of the American Mathematical Society, vol. 20 (1913), 
p. 132. 
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Since the variables yi , yi are cogredient to xi , X2 all terms of this expansion 
are covariantive. Likewise a? b" is a covariant of Gi and so it is expressible 
as a polynomial in x^ and ^1 . The polarizing operation indicated by o^ 6"]y» 
gives therefore a polynomial in 

X2, ^1, and (xy) = xiyt - x^yi, yi, 
inasmuch as 

(7) (2/i^ + y2^j^i = (ary)a;r'(modp). 

Every term in £ contains (xy) asa, factor whereas the other factor is a doubly 
binary form similar to F and of the type a"""'^y~' to which a similar process 
of reduction by expansion can be applied in turn. We have now proved the 
following theorem : 

Theorem. A complete system of universal covariants of the simultaneous 
groups {mad p) Gi, G2 is composed of 

X2, 2/2, ^1, h, ixy). 

3. Seminvariancy 
If the form 

fm = (oo, ai, ••• , ajixi, X2)"' 

be transformed by the substitution Gt : Xi — x\ + tx'i , a;2 = a;2 , the trans- 
formations 

Tt-.a]^ ("^j<'Oo + ("^rjM<'-^ai+ • • • + ay (i = 0, •••,m), 

are induced upon the coefficients. 

Any homogeneous quantic in Oo , • • • , fflm which remains absolutely unaltered 
modulo p under Vt is called a seminvariant of /« under Gt . 

The principles explained in § 1 give an important class of seminvariants. 

For if we select for the polynomial / any one of the N possible linear quantics 

in the o's 

/ = ao ao + ai Ci + • • • + Om «»» , 

where «< (i = 0, • • • , m) takes any value 0,l,---,p — 1, and where the 
a's are selected so the different / forms are essentially different modulo p , 
then, if / is not itself a seminvariant, the successive application of the trans- 
formation Ti of period p,tof, gives p forms 

f,fi> ••• > fp-i > 
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and any elementary symmetric function 

(8) S, = 2r//i • • • /, (r = Otop-l), 

which is not congruent to zero is a seminvariant. Some of these functions S 
will be shown to be reducible in terms of other seminvariants but they must 
all be taken into account in the problem of the construction of a complete 
seminvariant system. 

4. An algorism for the construction of seminvariants, 
invariants, and covariants 

If 

A', = Coxl + Ci xr' X2+ ■■■ +C,x'2 

is any formal covariant modulo p of fm the copied form constructed from the 
coefficients d upon the model of Sr of the preceding section is a seminvariant 
oifm- 

Various methods of constructing covariants are available. Polarization 
of K^ by the modular operators 



"" - "^^ dx^ + ^^hx,' 




^-«"aa„ + «>aax+- 


■•+^'-aa, 



produces covariants if j* ^ (mod p) . Substitution in the conjugate to a 
seminvariant S {ao, • • • ) under the permutations s = (ao a^) (oi Um-i) • • • , 
according to Tt and reduction of the powers of the residue t by Fermat's 
theorem gives a covariant in non-homogeneous form. It can be made homo- 
geneous by the replacement t = a;i/.T2 . This process yields a covariant 
only on condition that S satisfies a definite pair of necessary and sufficient 
conditions as given in one of my former papers. When this principle is 
applied in the case of the seminvariant leading coefficient of Ky where ;< is a 
number of the form 

V = {sp — v') ip — 1) =<r(p — 1) 

there results a covariant 

(9) [K,] = [Co + {Ky)] .tr' + E E c._.(p_, )_, x\ xvr-' , 

where {,KJ) is the pure invariant 

(10) (A,,) = Cp_i + C2(p-i) + • • • + C(,_i)(p_i) . 

If we form the product of any two covariants 

Fr^, = (Co, Ci, • • • , Crnkx^., X^Y , G„ = ( Pq , Dl , • • • , D^Xx, X^Y 
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in which m' + n is a number of the form <r{p — 1 ) and construct the formulas 
analogous to (9), (10) for the result we obtain the concomitants oi fm, 

j(p-i) <r-l 

(11) {Fm'Gn) = 2^ 2-^ CiDj(p-i)-i, 

[F„,Gn] = [Co Do + iF„,G.)]xr' 

(12) P-2 <r-l ( 

+ Z-, z2 2-,Gi I>(„_3)(p_i)_r-i xl ar?~'~'' 

M = (,7-s)(p-l) -r|. 

In connection with a single covariant Ky we designate the derived set of 
fi = p + V + 2 concomitants 

(13) iK,),w^[KA (\ = 0,l. •••,p-l), tv'K, (t = 0,l,---,v), 

as the ix-adic scale for K^ . 

The processes (11), (12), (13) constitute the methods to which we referred 
in the introduction as being theoretically analogous to symbolical convolution 
in the algebraic invariant theory.* 

5. Seminvariant systems 

Complete system modulo 2 of the set /i , /a • The algorism described above 
relates in its complete generality to simultaneous systems. Consider the 
typical problem of the seminvariant system (mod 2) of a linear form and a 
quadratic, 

/l = Co .Tl + Ol X2, fi = ho x\ + 6i Xi Xi + 1)1X1. 

The induced transformations Fj under Gi are these; 

Oo = flo, a'l = ao< + fli, 

h'a = ho, h[ = hi, h'i = hot^ ■]- hit -{■ hi, 

and, if we put 6o = , Gi , Fi become 

ai = fli + Oo; hi = h'z-\- h[, 

ao = a'o, hi = h\ , 

and these are the transformations of the simultaneous groups d , Ga of § 2. 
Hence, if 

S{ho, hi, h-i, flo, Oi) 

is any seminvariant of the system fi, fi, 

S{0,bi,hi,ao,ai) ^F{ao,hufi,4^2,C) (mod 2), 

* The notation here adopted was first given in the Proceedings of the National 
Academy of Sciences, vol. 5 (1919), pp. 107-110. 
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where F is a polynomial in its arguments and 

^1 = a? + flo fli , ^2 = bl + bibi, C = Oo 62 + aibi. 

However the expressions ^2 , C are merelj- fragments of seminvariants which 
remain after one makes 60 = 0. We now require these in their entirety. 
Apply the transformation of period 2 

^0 = ^0, bi = b\ , 62 = 60 + 61 + 62 

to / = 62 and we get /' = 60 + 61 + 62 • The sum / + /' is the reducible 
seminvariant bo + bi whereas 

s = ff = {bo + bi + bi)bi = \pi + bob2. 

Again the seminvariant leading coefficient of [/1/2] is oo^o + (/1/2) , where 
(/1/2) is the invariant 

(14) (/1/2) = 00(61 + 62) +ai(6o + 6i) = aobi + C + boai 

= Gobi + p. 
Therefore 

S(6o, 61, 62, ao, ai) = jP(ao, 60, 61, i/'i, s, p) + 6oFi(ao, ai, 60, 61, 62) . 

But Fi is a seminvariant and can be reduced in the form 

Fi = *(ao, 60, 61, ^pi, s, p) + bo *i(ao, Oi, bo, 61, 62), 

and the process can be repeated. Hence, 

Theorem. A complete system of seminvariants of the set fi, fi, modulo 2, 
consists of 

ao, 60, 61, ^1, s, p. 

The expressions k = bos, q = s + bobi -\- bl are invariants, as are 

Q' = al + \pi, L' = oo^i, 

Eififi) =ao{bl + bl)+aUbl + b\). 

We may note the following syzygies : 

p' + {aobo + Gobi) P + al s + {bl + bl)^Pl = , 

al + ii + Q' ^0, 
(15) 

bl + blbi + boq + k = 0, 

al + L' + aoQ' ^0, 

and we now see that the general seminvariant S can be reduced, by means 
of these congruences, to the finite form 
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S = (l>o + (l>i bo + (j)2 bl + ao {xpo + 4'i bo + ^2 60 ) 
(16) 

+ alixo + Xibo + Xibl), 

where </>, , t^, , Xt are polynomials in the pure invariants q ,k,bi,L' ,Q' , (fifi) . 
A complete system modulo 3 0//4. I shall refer informally at this juncture 
to an important fact which is to be employed later on in the paper viz. that 
every form /„ of order > p^ — 1 is reducible modulo p in terms of the uni- 
versal covariants* of G (p2_j,)(p2_i) i.e. 

(17) L = xU2-XiX?i, Q = {xfxi- xixf)/L, 

and covariants of /m • Thus we need to consider in detail only those covariants 
of order < p"^ . 

For the sake of constructing seminvariants by the principle of copied forms 
we first derive those of the first degree (modulo 3) for the quant! cs of orders 
2,4,6,8 = 32-1. 

The linear seminvariant of /z mod 3 is ao; those of a quartic/4 = UoX* -\- • ■ • 
may be found by applying the induced transformations Fi to the general 
expression 

S = atto + jSai + ya2 + das + eat , 

assumed to be a seminvariant, making S' ^ S { mod 3 ) and solving for 
a, ^ , y , S , € . The induced transformations are 

a'o = ao, a[ = ao + ai, Cj = 02, 

a-i = ao + 2a2 + 03, at, = ao + ai + a^ + as + Ui , 

and S reduces to aao + 702 • Hence the linear seminvariants are 

(19) ao, ai = ifi). 
For /e the induced transformations are 

a'o = ao, a'l = ai, a'l = 2ai + 02 , a'3 — 2ao + Oi + 02 + as > 
a'i = Ui + at, a'i = 2ai + 02. + 2ai + a^ , 
a'i = ao + ai + 02 + 03 + a4 + as + 06 , 
and the linear seminvariants prove to be 

(20) ao, ai, aj + 04 = (/e) • 
In the case of the octic/s we find, for Fi , 

a'o = ao, a'l = 2ao + ai, 02 = Oo + aj + 02, a'^ = 2ao + 03, 
a't = ao-\- 2ai + 2az + 04 , as = 2ao + 2ai + 2a2 + 03 + a4 + 05 , 
ae = ao + as + ae , a-, = 2ao + ai + 2a3 + 04 + 2a^ + a^ , 
a% = ao + ai + a2 + 03 + a4 + 05 + oe + 07 + Us, 
* Compare II. 
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and for the seminvariants 

flo, F = oi — as, 02 + 04 + ae = (/a) • 

Seminvariants of the second and third degrees of fi . The algebraic invariants 
i, J , and the hessian, H , oi ft, which would also be modular concomitants, 
are reducible modulo 3; H = 2o2 fi ( mod 3 ) . 

The seminvariant constructed on the model of V for the octic fl is 

P = oo ai + 2ai a-i + 2ao as , 
while 

9 = (/<) = af + ai + al + 2ao as + 2ao 04 + 2ai as + 2a2 a^ . 

The transformations of (18) which affect ao, — a^, az but not ai or a^, 
form the particular ternary group (r of § 2 and hence the following quantic is 
a seminvariant 

N = al — ( a5 + ao a2 + al ) as . 

If we take / = ai in the theory of § 1, then /' = ao + ai, /" = ao — ai (by 
(18)), from which we obtain 

^ = a\-alar= - ff f" , 

or this seminvariant is obtained as a case of the universal covariant i^i of the 
group Gi (cf. (6)). 
Selection of 04 as/ and application of (18) gives 

7o = 04 (ao + ai + a2 + as + 04) (oo — ai + 02 - Os + a^) = //'/". 

whereas, if we take / = ao + 04 this method gives the invariant 

X = ( flo + a4 ) ( ao + ai — 02 + as — a4 ) ( ao — ai — 02 — as — a4 ) + a' 02 . 

Lastly, if we select / = Oi + 04 so that — /" = 02 — as + 04 , 

/' = ao + ai — 02 — as — 04 , 

the seminvariant — ff'f" is congruent to 270 ■\- B -\- H -\- a^ P , where 

H = a\ ai + a\ ai — ao Oi as , 

Z) = ao 02 03 — Oi 02 04 — Oi os + fli af + Oo oi 04 — Oo Os 04 . 

We shall show that 70 can be eliminated by means of a syzygy between Oo, 
7o, q, X . Note that D , P, P are skew. I desire to enunciate and to treat 
at some length the following 

Theorem. The nine seminvariants /3, D , H , N , P, q, X , ao, 02 = (/4) 
compose a complete system for fi modulo 3 . 

Suppose that 

S = S(ao, oi, 02, Os, 04) 



296 OLIVER EDMUNDS GLENN [July 

is an arbitrary seminvariant modulo 3 of /< . Then it will ordinarily be possible 
to separate S into two seminvariantive portions 

S = S1 + S2 

where S2 contains 04 but Si does not. Since Si is not affected by the fifth 
congruence of (18) we write 

Si = Si {tto , ai , 02 , 03) 

and note that S'l is invariantive under the binary groups Gi , 6/2 of § 2, i.e. 

Gi : a'o = ao, a'l = ao + ai, 
(21) 

G2 ' do ~ 0'2 = Oo — tti , Ui = Oo — 02 -\- 03 , 



therefore Si is a polynomial in oo, 02, ^ , N , P , since 

-P = 



ao oi 

ao — 02 03 



With reference to S2 we next assume that ao = 02 = 0, momentarily, and 
note that the group (18) is then equivalent to G (§ 2). Thus 82(0, Oi, 0, 
as , 04 ) is a polynomial in Oi , 03 and 

7o = al - (ai + azYai - 7o]ao='>j=o- 

The coefficients of the different powers of 70 in this expression are polynomials 
in oi, as and of such a nature as to be expressible in terms of functions of 
ai, as which are fragments of seminvariants, which remain when we make 
Oo = 02 = 0. Four seminvariants which reduce to expressions in oi, os 
when ao = ^2 = are (3 , g , D , iV and we here make an assumption,* to be 
treated in a later paragraph from another point of view, viz., that the coef- 
ficients of the different powers of 7^, in the expression for S2 ( , ai , , as , a4 ) 
are all rationally expressible in terms of 

(22) /3i = af , iVi = ai, gi = of + 2ai as + o|, Di = oi a\ - a? 03, 

these being the only ones of the nine seminvariants which reduce to expressions 
in oi , as when a© = 02 = and 04 4= . Under this assumption we now have 

(23) /S2(ao, ai, 02, 03, 04) = 0(/?, D, N, q, 70) + ao<^o + 02 <^2 (mod 3), 

where <t>o , <t>2 are polynomials in ao , ai , 02 , as , 04 , not both free from 04 , and 
such that ao <f>o + 02 </)2 is a seminvariant. If, then, ^0 , <^4 are both semin- 
variants they are of the type of the original S and the reductions can be 
applied to them in turn. If they are not separately seminvariantive 

^ = ao ^0 + ^2 <i>2 
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is a seminvariant every term of which contains either oq or Oj as a factor and 
which is not free from a^. Moreover, under (18), 

xp' = 00(^0 + 5(f>o) + 02(^2 + 5^2) = yp, 
where the expressions 5^,- ( i = , 2 ) are increments. Hence 
(24) S^^_S^ 

02 Oo 

i.e. 5^0 contains the factor 02 and hence ^0 is a function of both 03 , 04 com- 
bined in the form of a difference, or of ai — 03, whereas <f>2 , in order that 5^2 
may contain ao as a factor, must be a function of Oi only or contain a power of 
Oi as a factor. It follows, since 



H = 
that* 



do ~ (h 

fli ao tti — Oi as 



^ = ZM, 



where Z is a polynomial in H , P with numerical coefficients, whereas M is a 
seminvariant of arbitrary form. 

The reader has observed, however, that this proof is definitely intuitional 
at two points, i.e. at the conclusions which are starred. To reduce a possible 
doubt as to these inferences to a minimum I set for myself the task of com- 
puting and reducing in terms of the nine fundamental seminvariants the 
285 seminvariants of /4 modulo 3 constructed as elementary symmetric func- 
tions of /,/',/" where/ is a chosen linear expression of the form 

/ = ao fflo + ai fli + «2 0-2 + 0:3 03 + "4 a* , 

the a's being the numbers , 1 , 2 in definite sequence, and /' , /" the two 
functions transformed of / by (18) (compare § 3). This problem has a certain 
ulterior significance as it is not impossible that a theory of complete systems 
might be formulated from the point of view of the symmetric function theory.§ 
I have no suggestions to make in this connection at present, however; the 
point here being that all of the 285 seminvariants so calculated proved to be 
reducible in terms of /3 , D , H , N , P , q, X , Oo , 02 . 

It would not be relevant to reproduce the computations for these various 
cases, but I give the results for two types / which are typical. 

(25) / = a3-l-2a4, /' = 2ai + 02 4- 2a4, /" = ao + ai + 2a3 4- 2a4. 

S/ = ao + a2, S//' = 2(g-f-P) + ai, 

2//7" = 270 + 202 9 + Hal -aoal + B. 

§ Compare the third reference of I. 
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(26)/ = ao + 03 + 04, f = ai + 2a3 + tti, f" = ao + 2ai + 2a2 + a4. 

tf = 2(ao + ^2) , 2//' = al + 2q + P + aoai + a\, 

Wf" = P + a2 P + 2i? + 70 + (ao + 2a^) {P + 2q)+ 2a^ a^{a^ + aO . 

Congruential syzygies. If the course of development similar to that fol- 
lowed in § 5 is to be followed it is now required to derive a sufficient number 
of syzygies which can be employed as reduction moduli to reduce the general 
seminvariant S to a polynomial in finite form (cf. (16)) in the nine semin- 
variants of the complete system. This again is a formal problem of much 
difficulty, but by simple combinations we get the two below, which one can 
easily verify: 

, „, al + 2ao q + yo + 2X + 2ao 02(09 + 202) =0 1 . 

^^'^ aj + 2alq + 2ao Z + fc + 2aU2 (ao + 2a2) ^ J "^™*^'^ '^^' 

where k is the invariant ao 70 . 

We next represent by S' the result of placing Oi = in a seminvariant S 
and by S" the result of substituting zero for both Oi and 03 in S . Then 

q" = (ao + a2 + a^Y + 2al + 2a\, 

To' = (ao + a2 + 04)^04, 

R" = ( ao — 02 — 04 ) ( a2 + a4 ) a4 , 
where 

^ = (ai + 04) (02 — 03 + 04) (oo + ai — 02 — 03 — 04) = —//'/", 

then 

R" + 7o' = ala^, 

2a\ ( 9" + 02 ) = aj a\ + a? 02 + a\ 04 + aj a-i a^ , 
hence 

2al{q" + al) = aUi + a3 02 + (ao + a^) (R" + 70') , 

and, in consequence, 

G' = 0^2 + (oo + 02) {R' + j',) + aliq' + 2al) 

is a function which vanishes when we place 03 = . 
Furthermore 

q' = al + al -\- 2ao oi + 2ao 04 + 2o2 04 , 

P' = 200 03, 

iV' = oi — oi 03 — ( o5 + Oo 02)03, 

= al — 02 03 + ( Oo + Oj ) P' , 
7o = o5 04 + 02 04 + 2oo 02 04 + 2oo al + 2a2 al + 2oi 04 + o* , 
R' = Oo 02 04 — Oo 03 04 + Oo 04 — 02 04 + 02 04 + a-i 04 — 04 , 
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and thus we get 

0' = 2ao az ( ao 04 + 2ao 03 + 02 04 ] 

= 2P'[q' + 2P' + aoa2 + al] + 2ao N' + (a5 + aoa2)P'. 

Hence a function which vanishes when ai = is 

G = I^ + 2iq + aoa2 + al)P + 2aoN + {al + aoa2)P 

+ 2al{q + 2al) + 2al a^ + 2 (ao + Oj) (il + 70) , 

and so is congruent to a seminvariant which contains /3 as a factor. We 
find by actual evaluation G = ( 2ao + 02 ) i3 . Also the seminvariant R is 
reducible in the form 

R = 2yo + H + D + a2P (mod 3) , 

therefore we have derived the following syzygy of degree 4: 

P + 2(9 + 2al + al)P + 2ao N + 2al{q + 2al) 
(28) 

+ 2ala2 + 2iao + a2)iD + a2 P + H) + {ao + 2a2)p = 0. 

Some of the seminvariants involved are of even and others of odd weight, 
hence the relation is equivalent to two syzygies obtained by equating the 
terms of even and odd weights to zero separately. Thus, finally, we get 

F' + 2al{q + 2al) + 2ala2 + 2{ao + ch)!! = 0, 
(29) 

Piq + 2al + al)+aoN+ (ao + 02) (Z) + 02 P) + (2ao + a2)^ = 0. 

The seminvariant N is connected with a third degree invariant 

T = al — af + ai al — al 03 , 
by the linear relation 

N = r + p+ {ao + a2)P, 

and we therefore see that the equivalents of five of the nine seminvariants, 
i.e., 02, q, X , T) , N , are irreducible invariants. The arbitrary seminvariant 
S can be reduced, as a result of this fact, by the relations (27) and the first 
syzygy of (29), to a polynomial of indefinite order in two seminvariants j3, H 
with coefficients which are of degree three in ag and linear in P , in the form 

ron\ ^ — A^ [Qoi + Gii ao + G2t do + Gsi at, 

+ ( Ao.- + Aii ao + A2.- al + As.- a;i)P] p^' IP' , 

where ri = 5i = , and 6hi and Aa,- (i = 1 , • • • , p; h = 0, • • • , 3) are poly- 
nomials with numerical coefficients in the pure invariants 

(30i) a2,D,q,T,X,^-. 
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There doubtless exist two syzygies, one headed by a low power of each 
seminvariant 0, H, of degree higher than four, and involving additional 
members of a complete system of pure invariants, by means of which S could 
be reduced to a form finite and numerical as to powers of ^, H also. 

6. COVARIANT SYSTEMS OF THE SET /i , /j , AND FOB THE BINARY QUARTIC 

/4, MODULO 2 

I shall prove that a fundamental system of covariants of fi modulo 2 is 
furnished by construction of a simultaneous system of a certain pair of covari- 
ants of ft , one a quadratic and the other linear. For this reason I select for 
the next topic to be treated the problem of the co variant system modulo 2 
of the set /i , /2 (cf . § 5) . 

The formula (16) for the arbitrary seminvariant leading coefficient of a 
simultaneous co variant of /i,/2 suggests the form of the covariants requisite to 
reduce the simultaneous covariant of general type. That is we require 
covariants of the various possible orders led hy aibi {i, j = 0, 1,2) and by 
invariants. 

When the modulus is 2 the concomitant scale (13) of § 4 is not coihplete 
without the addition of the two forms* 

{K,} = Co X? + 7i xl Xi + h Xi xl + Cyxl, 

where Ii , Jj are definite linear expressions in Ci , — , C„_i such that 

/i + /2^(A%) (mod 2). 

There exist no covariants of /i led by invariants, no quadratic covariant of 
any system of forms ( mod 2 ) led by an invariant I , other than IQ , and the 
only possible invariant leading coefficient for a covariant C of the set /i , /2 , 
which is a polynomial in q , k , bi , L' , Q' , contains 6i g + A; as a factor. The 
first two of these statements are easily verified; it will be sufficient to prove the 
latter for a cubic covariant in view of the form of [K,]. If 7 is the assumed 
leading coefficient it can be reduced, by virtue of the congruence 

(31) boq = bo{s + bobi + bl) = bl + blbi + k, 

to the form 

7 = ^0 + ^1 to + ^2 bl 

where 4'o,4'i> 4'2 are seminvariants. Apply the induced transformations under 
Xi = x', + x'i, Xi = x, to 

C_= 7.r? + S1XU2 + S2X1XI + iio + iibo + iibDxl 

• Compare IV. 
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and equate the result to C and there results 

SSi = SS2 = /, BSi + 6S2 + S1 + S2 + I = 0, 

(32) I = SSi + 682 + 81 + 82 + I + io 

+ (60 + 61 + 62)1^1 + (60 + 61 + 62)^^2. 
Hence 

I = 81 + 82 = (fei + 62) [1^1 + (61 + 62)^2]. 
But an invariant with the factor 61 + 62 has the factor 

(33) biq + k^ (bo + bi) (60 + 62) (61 + 62) , 

which was to be proved. 

The following cubic covariant which I constructed by empirical methods is 
led by biq + k and the product of it by an arbitrary invariant of /i , /« is the 
general cubic with an invariant leader of the stated type: 

C = (60 + 61) (60 + 62) (61 + 62 )x! 

+ {bl + M + bl + bob\ + bibl + blb2)xU2 

+ {bl + b', + bl + blbi + blb2 + bo bl)xi xl 

+ ibo + bi){bo + b2)ibi + b2)xl. 

The form C is reducible in terms of concomitants from the sets (34), (35), (36), 
An invariant leading coefficient which is properly simultaneous and there- 
fore not merely a polynomial in q, k, bi, U , Q' must contain (/1/2) as a 
factor, this being the only remaining invariant in the set from which 0o is 
formed. We shall construct a cubic covariant B led by (/1/2). The most 
general form of ^0 is 

<^o = X + (/i/2)m. 

where X is a polynomial in q, k, bi, L' , Q' and n is an invariant. Assuming 
that ^0 leads a cubic covariant D' , D' — nB is led by X and soX = {biq + k)v 
where v is an invariant. Thus 

D' = yC+.^iB. 

I now give a list of cubic covariants needed, with the seminvariant (or 
invariant) leader juxtaposed. 

ao, Qfi; al,QEfi; bo + bi, Qlfi]; 

(34) bl + bhQlEf2]: ao bo , /1/2; Oo bl . Ji 'Efii 

o5 bo, /2 Efi; al bl, Efi Ef2'. ihSt), Qlfifi] +/1/2 = B. 

The quadratic and linear covariants required are given in the following lists 
respectively: 
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Co, w/i; al,fl; ho, fi; hi, EJ2; aobo, {/1/2}; 
albo, {Ef,-f,}; aobl, If.Ef^]; albl, {Ef^ Ef^}. 

flo,/i; al, Ef,; bo + bulfi]; bl + b], E[fi]; 
(36) ao bo + (/1/2) , [/1/2]; ao bl + (/i Ef^) , [/i Ef^]; 

albo + iEf,-f,), [Ef,U\; al bl + { Ef, Ef,) , [Ef.Ef,]. 

Observe next that the cubic covariant of the set /i , fi of arbitrary form, i.e. 

(see (16)) 

K = Sxi+ ■■■ = [ct>o + bi<l>i + bl<t>2 + <t>,{bo + bi) 

+ 4>2{bl + b\) +aoirf'o+ ••■) + ■■■]x\+ ■■■ 
is reducible in the form 

K = mB + "C + 01 Q [/2] + <^2 Q [ £f2] + ^0 Qfi + "/'1/1/2 
(37) 

+ ^2/1 Ef2 + xo QEfi + X1/2 Efi + X2 Efi Efo + K' L (mod 2) , 

where K' is an invariant. 

Moreover the arbitrary quadratic is reduced by the formula {(f>o = 0) 

K = <^l/2 + <^2 £f2 + <Ao w/l + ^l{/l/2! + i2{fl Efi] 

(38) 

+ Xo/f + Xi{£/i/2} + X2{i:/i EM, (mod 2) . 

As a preliminary to the reduction of linear covariants we write the formula S 
as follows : 

S = {<f>o + 61 01 + 6? 02 + fl (/1/2) + ^2 (/l £/2) 

+ Xi(J5;/i/2) + X2(£/i£/2)} +0i(6o + 6i) +02(65 + 6?) + \^oao 
+ Maobo+ (/1/2 ) ] + \^2 [ ao 65 + (/i E/a ) ] + Xo oS 

+ Xi[aS 60 + (iB/1/2) ] + X2 [aS i? + (Efi Efn)], 

and since there are no linear covariants led by invariants the invariant ex- 
pression in the brace is congruent to zero. 

Therefore the arbitrary linear covariant K is reduced in the form 

K^ct>i[h\ + <t>iE [/2] + .Ao/i + .Ai [/1/2] + 1^2 [/i Efi] + xo EU 
(39) 

+ XI [ Ef^h] + XI [ EJ, Ef^] (mod 2) . 

We have thus completed the proof of the following 

Theorem. A fundamental system of covariants of the set fi, f^ under the 
modular group Ge (mod 2) consists of nineteen quantics, viz., 
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Suh, Q, L, Efu Eh, wfi, [/,], [Ef,], 

(40) [/1/2 ] , [/i EMA Efj2 ],[Efi Ef, ] , (/1/2) , 
q, k, hu L', Q'. 

It is an elementary problem to show that the remaining forms involved in 
the sets (34), (35), (36) are reducible in terms of the quantics (40). Note 
that it is not stated that the six invariants given form a complete system of 
pure invariants. The form K' in (37) might involve invariants not reducible 
in terms of the six. 

A theorem concerning modular systems under Cr(p!_j,)(p!_i) . I proved in 
previous papers,* under rather strong restrictions as to the point of generality, 
that a binary form/^ of order m {m ^ p') can be expanded covariantively, 
i.e. given a typical representation in which the denominator function is numeri- 
cal, in terms of L and Q as argument forms, in such a way that the coefficient 
forms are first degree formal covariants modulo p of orders ^ p^ — I. This 
expansion was given under the notation 

(41) U = Q"- 4>i + Q^-' Lx + ■■■ +QLy-^rP + L'w{modp), 

where <f>i is any one of a number of covariants of a definite type, called principal 
covariants, each led by oq. Such an expansion, though not unique, is such 
that the total number of coefficients involved in the forms <^i , x . • • • is at 
least as great as m + 1 . For brevity write tf>i, x> " ' under the notation 
4>i {i = 1,2, •••) , and let 

<l>i = X.o xY + X.i a;i*~' Xi -\- ••• + X.Vj xl' . 

Theorem. A fundamental system modulo p of f mis a simultaneous system of 
the set <l>i {i = 1,2, • • • ) • 

Suppose that the equation (congruence) (41) is transformed by the general 
modular substitutions 

(42) Xi = Xi x'l + Ml X'i , X2=\iX[+ tl2 x'i . 

Since L' = (X/i)~^i, Q' = Q (mod p) we get 

(43) /:. = (a;, ■■■lx[,X2y^Q'4,[ + Q^-'Lcl>2+ ••• {modp), 
and 

0i = Xio Xi + X.i Xi X., + ••• + Xi,, X2 , 

where the Wj are linear combinations of X,o , • • • , X.Vj and the latter are linear 
forms in ao, • • • , a^- Suppose next that we do not transform (41) as a con- 
gruence but that fm is first transformed by (42) into /« and then that the 
latter is expanded by (41). The result is 

♦Annals of Mathematics, vol. 19 (1918), p. 201. 
Trans. Am. Math. Soc 80 
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(44) /,; = Q' <t>i + Q'-' L'x" + • ■ • + i'' w" (mod p) , 

where 

<t>'i' = ^'10X1' -\-\'i\x'i a;2 + • • • (i = l,2, •••)! 



and \'ij is the same function of Oq , • • • , al that Xiy is of ao, • • • , am] provided 
(41) satisfies any set of necessary and sufficient conditions whatever which 
make this expansion unique. Moreover, under these conditions, we get e 
different sets of induced transformations on the a's and a"s, e being the number 
of different forms <j>'i , viz., 

(45) x;; = x;^(X/i)-* (t = i,2, ...,o. 

These i sets are together equivalent to the ordinary single set constituting 
the induced group under (42). Hence, since (45) gives e induced groups for 
the e forms 0,- , and these groups are together equivalent to the transformations 
on the a's, a concomitant under (42) and (45) i.e. a simultaneous concomitant 
of the forms <i>i{i = 1, •••,€), is a concomitant of /« and conversely. Hence 
the theorem is proved. 

A complete system of the binary quartic modulo 2. When m = 4 (41) is 
unique without condition and its explicit form is 

/4^i/i + ef2(mod2); 

(46) /i = (oo + 02 + ai)xi + (ai + 02 + ai)xt, 

fi = ao xl + {ai + d + at) Xi X2 + a^xl. 

Combination of this conclusion with the results numbered (40) gives at once 
the following 

Theorem. A fundamental system of formal covariants modulo 2 of the binary 
quartic ft is composed of nineteen quantics, viz., (cf. (46)) 

/i, /2, Q, L, Efu Ef„ wfu [/2], [£/2], [/1/2], 

^^^^ [/i£/2], [Ef,f,\, [Ef.Ef,], {f,f,), q, k, (A), U, Q'. 

In this theory 

g = ttu + Oo ai + Oo 02 + Oo 03 + Oo 04 + Oi 04 + 02 04 + 03 04 + of , 

fc = Oo ( Oo + Oi + 02 + 03 + O4 ) O4 , 

(48) L' = (oo + 02 + 03) (oi + 02 + 04) (oo + oi + 03 + 04) , 

Q' = Oo 02 + Oo O4 + Ol 02 + 02 O4 + Oi O3 + O2 O3 + O3 O4 

+ oi + Os + O4 + Oo Oi + Oo + o? . 
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7. COVAHIANTS OF f^ MODULO 3 

The problem of the determination of fundamental covariants led by the 
seminvariants of the complete system given in § 5 may now be treated. 
There exists no quadratic covariant led by an invariant, but oo + 02 leads 

[fi] = [ao + (.U)]xl + (ai + a3)xiX2 + [(.U) + at]xl. 

If we substitute from the induced transformations under Xi = x'l + tx'2 , 
Xi — x'2 in the conjugate to P under the permutations (00O4) (oiOa) (02) 
and reduce the powers, of the residue t by Fermat's theorem, there results 
the remarkable skew-covariant 

1/4 ] = Pxi + ( 2ao at + 02 ai + a{ — al) Xi Xi 
(49) 

+ ( ai 04 + a2 as + 2az 04 ) a:l . 

From jff + (/4)' we obtain, by this method, 

1/4] = [F + (/4)'] a;! + [ ao oi 04 + a\ az + 2a? aa + ai a? + 2ai a\ 

(50) + Co 03 04 + Oo Oj as + ai Oi a^ ] x\ xi 

+ [ (/4)' + ao a* + a2 a\ - ax 03 04] zi. 

The algebraical covariant To) of order six and degree three with numerical 
coefficients reduced modulo 3 is a formal covariant whose leader is the sem- 
invariant 

at as + oo oi a^ + 2a? . 

An equivalent covariant which is simpler, in that its leading coefficient is — jS, 
has the form 

T= r(s)+/4[/4], 

and 

T = — jSzi + ( Oo a2 a4 + 2ao 02 + 2oo of + 2ao Oj + ao ai as 

+ 2ao al + alat) x\ 0:2 + ( 2oo a^ as + 2ao as 04 + al as 

+ ai 02 at + 2ai al + 2ai al + a\)x\x2 + { Oo al + 2a\ at 

(51) + ao Oi as + 2ai as at + 2ao al + a? Oj + al 04 + 2o2 a| ) xl xl 
+ ( ao Oi a4 + ai 02 at + 2ai of + ai as + 2ao aj 03 

+ afas — al)xixt + (2aoa| + 2aiasa4 + ai 04 + alut 

+ 2ao 02 04 + a2 o! + af 04 ) a;i 0:2 + (a* — as al)xl. 

From this one obtains 

(T) = D + 2t sZ> + 2iV + i8 + (ao + a2)P(mod3), 
and 
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[T] = [ - 13 + iT)]x'i + (aoal + 2aoaiaz + aUi + 2ao a\ 
(52) + 2oo a-i, + oi 03 04 + of 02 + 2a2 a\ + 2a2 04 + Oa 04 

+ 02 Oi + 2ao 04)3:1X2 + [ oi - 03 ol + ( r) ] ar| . 

Note that 2A'' + ( oo + 02 ) P + Z) , and not j3 , is the leading coefficient of 
\T\. We find, in addition. 



(53) 



[/« ] = [ Oo + (/4 ) ] a;? + 2 ( Oo oi + Oo 03 + Oi 02 + oi 04 + 02 03 

+ 0304)0-1X2 + [(/!)+ 04] xl. 

(54) [£/4] = \al + (/4?]a-? + (o? + oi)xia;2 + [ (/4)' + a\\x\, 
\U\]i\\ = [aoP + 2D + 2t]x\+ ( 2aJ 02 + 2oo o? + 2a? 04 

(55) + 2ao al + 02 04 + Oo O3 + 02 of 

+ at 04 ) Xi a;2 + [ 2D + 2t + oi of + 02 03 04 + 203 of ] xi . 

The number of these concomitants which can be constructed by thus super- 
imposing these symbols, one upon another, is infinite. We shall note par- 
ticularly those given explicitly above, and 

imi^]], [Euif,]], [/4- T], ■■■, 

whose respective seminvariant leaders are 

o^P + 7i, a3P + /2, - oo^ + /3, •••, 

where 7i , I2, h are invariants. 

It is apparent from the foregoing theory that we have brought a complete 
system of covariants into view, so to speak, for a covariant led by the arbitrary 
seminvariant (30) can be derived, part by part, as in the case of covariants 
(49) to (55), and the parts added, the sum furnishing a reduction similar to 
that in (37). The formidable calculations required, I have hopes of completing 
and making the subject of another paper. The main portions of the general 
problem which remain to be solved are; (1) the determination of the two 
syzygies described in § 5, needed for the reduction of formula (30) to finite 
form as regards powers of /3 and H; (2) determination of all covariants led 
by invariants which are polynomials in the invariants (30i); and (3), calcu- 
lation, from bracket symbols, of the covariants needed to reduce the covariants 
of the various orders led by the arbitrary seminvariant (30). These can be 
formed from products of powers of the covariants (49) to (55), combined with 
fi . Meanwhile I desire to prove the following theorem, which is of individual 
importance and is a necessary preliminary to the solution of the complete 
problem described above. 
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Theorem. A complete set of quadratic covariants led by seminvariants of 
the general form 

2 
Au [ ^Oi + On Oo + On Oo -'- Osi tto 

(56) *=i 

+ ( Aoi + Aii ao + A2i al + Au al)P] ^'-i 
is composed of 

[/4], [fl], [Ef,], [f,], [fAUU, [fUf*]], [Ef.lf,]], 

(57) [T], [f,T], [flT], [Ef.T], lT[f,]], [f.TlU]], 
[flTlUU, [Ef^nj,]]. 

The formula (56) can be written 

{^01 - ^11 (/4) - e^iifl) - dniEf,) - Au(2Z) + 2t) - AaK/HA]) 

- A3I ( Ef,[f,]) + ^02 ( T) + du (/4 T) + 022 ifl T) + 023 ( Ef, T) 

+ Ao2iT[U]) + Ai2{fA T[f,]) + A22(fl T[f,]) 

+ A2ziEf,T[U])} +eii{ao + {f,))+e2i{al + {fl)) 

+ ^31(00+ (^/4)) +AoiP + An(aoP + 2Z) + 2r) 
(58) 

+ A2i(aSP+(/n/4]))+A3i(a2P + (Ef4[/4])) 

+ ^02(4-^- {T))+ei2[ao^- {f4T)] + e22[a'o^- (flT)] 

+ e,2[alp- {Ef,T)] + Ao2[^P- (r[/4])] + Ai2[ao/3P 

- (/4 T[U])] + A22lalpP - {fl T[f,])] 

+ A32[alpP-{Ef,T[f,])]. 

Since there are no quadratic covariants led by pure invariants the brace ex- 
pression in (58) is congruent to zero. The coefficients of the indeterminate 
invariants da, A,y are, in order, respectively, the leading coefficients of the 
covariants (57), and, by an argument similar to that given in connection with 
(37), the theorem is therefore proved. Note that the order 2 is the least 
possible order for a covariant modulo 3 of any form of even order; thus we 
see that every covariant of this order is rationally and integrally expressible 
in terms of the fifteen covariants (57) and the six invariants (30i). 

8. Addenda concerning invariants of velocity and acceleration in 
the theory of relativity of motion 

The applications of invariant theory noted in this paragraph are grounded 
upon an algorithm similar to that given in § 1 and may be treated, appro- 
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priately perhaps, in a paper which gives mention of the general theory and 
algorithm. For this will not only avoid repetitions, but it will emphasize the 
relevancy of this research also. 

Observations for measurements of velocity, acceleration, time, or distance, 
made by two observers situated upon two diflferent worlds or systems of 
reference in space, which are in relative motion with a constant velocity 
V , give sets of values of these quantities which are connected by linear equa- 
tions. These equations furnish a means of transferring measurements from 
one system to another, and three different varieties of transformations of 
this description are to be considered. 

Suppose that the line connecting the two systems S , S' is taken as the axis 
of abscissas for both systems and that the y- and z-axes upon one system S are 
respectively parallel to the y'- and z'-axes upon S' . Then, if t and t' are the 
time variables and c is the velocity of light we can employ the Einstein trans- 
formations 

(59) A:t =- ix{c^t' + vx')/c, x == n(vt' + z')c, y = y' , z = z' , 



(m = l/Vc'-«2), 
a known transformation upon the velocities 



ft: 



i' = (i-j>)/(l-^), 
y'^yk-^/{l-$), 



i' = ii-» / ( 1 --^j (*=cm). 

where i = dx/dt, x' = dx'/dt' , etc., and one upon the accelerations given by* 
A: x = c-^ n^ {(? — vxY x' , 

(60) y = c-V' (c^ - viy ( y' - «MC-^ yx') , 

z = c'^fi^ie^ — vxYiz' — vfic~^ zx') , 

in which x = d^ x/dt' . 

We can reduce the equations fi to homogeneous form by introducing two 
fictitious time variables t , t' connected with t and t' by functional equations 

<=/(t), <'=/i(r'). 
For then 

dx _dxdT dx' _ dx'dr' 

di ~ drdt' dt' ~ dr'dt" 



' Compare V, p. 48. 
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and, by taking p to be a proportionality factor, we can get the following form, 
V -.i = pic^i' + vx')/c-, X = p{vt' + x') , 

(61) y = {nc)-^py', 2 = (Mc)-'pi', 

[i = dx/dr, x' = dx'/dr', etc.; dt'/dt = p.{c^ - tdx/dt)lc]. 

Invariants of V appertaining to an irrational domain* The components 
y' , z' , are relative covariants. For this reason we are able to treat V as if 
it were a binary transformation Fi affecting t and x . Then Vi has two poles 
which are the roots of the linear forms 

(62) X^i = cidbi. 

Thus X*i are universal covariants of Vi for an arbitrary velocity v, the in- 
variant relations being 

Consider a binary form / in the variables t, x, whose coefficients a, are 
homogeneous polynomials in the velocities y,z, with coefficients arbitrary 
functions of the quantities left unaltered by V , these being of the same order 

/ = ao r + mai h'^ x + ••• + «,„ x" . 

When/ is expanded in terms of X^i as argument forms by means of the sub- 
stitutions 

/= (X^.i + X_i)/2c, i = c(>M.i -X_i)/2c, 

there results a form /' whose coefficients are invariants of a non-absolute 
type, linear in ao, •••,«„; 

(63) /' = Z (^) ^„^2.X+r' Xi,/(2c)'». 
The explicit form of the typical invariant is 

(64) (-).„„=|E(-.).(7)(7_7)(0-^ '-»•■■-'■ 

the invariant relations being 

A general theory of the invariants derived in this way,t which the author 
has developed, shows that systems of absolute concomitants of / can be 

* Cf. these Transactions, vol. 18 (1917), p. 443, and vol. 20 (1919), p. 203. 
fAnnals of Mathematics, vol. 20 (1918), p. 125. 
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derived by forming properly chosen products of powers of the invariants 
^m-2>; that is, systems which are absolute except for a power of the pro- 
portionality factor p occurring in the invariant relations^ 

Concomitants belonging to a rational domain. The general form of such a 
product is 

and the following product is conjugate to Ir 

I~r = ^J(m_2i,) <^_'(m-2tj) * " " X+1 X-l • 

According to the theory 7, ± /_, is an absolute concomitant provided the 
positive integral exponents satisfy the linear diophantine equation 

Si + Tom + ri{m — 2) -\- Tiim — 4) + • • • 

= • • • r^2 (m - 4) + r„^i{m - 2) + r„,m + si 

and a complete system is furnished by the finite complete set of irreducible 
solutions of (65). 

In the case of a binary quartic (m = 4) I have found that the number of 
irreducible solutions is 12, as shown in the table below. 



(65) 





Ta 


ri 


rj 


ri 


r< 


Si 


St 


y 





1 





1 











i 


1 











1 


























1 


1 


T 








1 














P±l 





1 











2 














1 








2 


ffil 


1 








2 














2 










1 








T±l 


1 








1 





2 








1 








1 







2 


V±l 


1 














4 

















1 





4 



The fundamental system is 

(66) TT = if'o, p*i = ^i'Kli ± 1^-2 Xii, 

0-*l = ^4 ^-i ± ^-4 ^2 , T*i = ^4 ^-2 X+1 ± ^_4 ^2 Xli , 

»*! = ^^-4X^1 ±\^_4Xi,, 
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and is given explicitly by the following functions: 

^0 = do — 2a2 c^ + 04 c* , 
^*2 = do ± 2ai c T 2a3 c' — 04 c*, 
^±4 = oo ± 4ai c + 602 c^ ± 4a3 c* + 04 c* . 

Invariants of acceleration 

Two of the three poles of the transformations (60) are coincident. For this 
reason we cannot derive three linearly independent linear universal covariants 
of this transformation, but only two, and thus a ternary form in the component 
accelerations x,y , z, cannot be expanded covariantively in the form analogous 
to /' above, and no analogue of the covariant theory of velocities exists, in 
the ternary realm. The two linear universal covariants are 

X, zy — yz, 

and the second one can be employed to reduce the transformation (60) to a 
canonical form in which both quantities x\ , yi are relative covariants. The 
invariant problem then becomes binary. 
Let 

zy - yz = iji, 

this notation being adopted for uniformity. Then yi = ju^ 8^ y\ , where 
ch = <? — vx. Accordingly the transformation (60) is equivalent to the 
following: 

f X = nH^x', 
(67) e:\y^^ixn''y[, 

[ z =M^52(-»juc-i2x' + z'). 

The substitutions on x, z, form a binary transformation 61 and the linear 
universal covariants of 0i are 

/+i = 2ii'd^[- nvc-^zx + (1 - fi5)z] = Cx + Dz, 
(68) 

/_i = - 2(1^ VC-' S" zx = Cx. 

Then, if /m = (flo, • • • , amjjz, z)"* is a binary quantic with constant coef- 
ficients, the expansion of /m in terms of /+i , /_i as arguments has for coefficients 
linear invariants of /« under ^1 , the totality of m + 1 furnishing a complete 
system of the non-absolute type. 

In a paper published in 1917 I gave the invariants of this type* for the 
general transformation 

Xi = ai x'l + aix'i, 

Xi = (80 a;! -h |8i .T2 , 



* These Transactions, vol. 18 (1917), p. 443. 
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and the orders m = 1 , 2 , 3 . From these we get the invariants of ^i by the 
particularizing substitutions 

(69) ai=M'5S a2 = 0, /So = - m' 5' c-^ 2)2 , pi = fiHK 

The sets for the orders m = 1 , m — 2 , for example are as follows : 



(70) 



m = 1 
4>'i = ai, 

4>'-i = (1 — /x5 ) Oo + ixvc~^ zai . 
m = 2 



03 = 02, 

<t>o = (1 — n8)ai + juDC~' za2 , 

<t>Li = (1 — fiSy Uo + 2nvc~^ 2(1 — ju5 ) ai + ju^ j)^ c~^ 2^ oo . 
For these invariants of /„ under 61 we find the following general formula: 

(71) <t>L-2r = ir) {I - iJiSy-' itivc-' i)' a,n-r+. {r = 0,---,m). 
We also give the corresponding invariant relations, viz., 

(72) /;, = (m=52)-V+i, /I. = (m'5')-V-i, 

(73) (0;-2r)' = (M-5)""+'0»-2.. 
University of Pennsylvania 



